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Preface

This modular workbook entitled “e-Bridging Module: FES2021@ MAT455” is
designed as a revision and preparation for the students who are taking Calculus
subjects especially during their first semester undergraduate. Thus, it is
presented in a simple language, but in structured exercises manner.

This module is divided into four chapters, which are Common Math Errors,
Exploring with Calculator, Geogebra (2D & 3D), and Matrix & Vectors. It is
filled with information to give a ready reference and instructional material aims
to help students to understanding and recognize the fundamental operations that
they are going to use in their syllabus and it also introduces some skills for them
to solve the mathematical problems more effectively and to avoid doing the
unnecessarily mistakes.

The authors believe that after finishing this modular workbook, students will be
able to feel more confident, and perform better in their studies.

Study Smart & Happy Learning!
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MODULE 1

COMMON ERRORS IN MATH

PREPARED BY
NOR HANIM ABD RAHMAN & SITI NURLEENA ABU MANSOR

INTRODUCTION

When you are learning a new skill, it requires practice, and making mistakes is part of
the process. Making mistakes is common and it is a global problems. However, making
mistakes in math is a good thing! It is part of the process in learning and understanding
more deeply; understanding how to prevent them and how to learn from them is
essential. There are different types of math errors that students may make and
encounter such as careless errors, computational errors and conceptual errors.

In this module, students will learn how to recognize, classify and overcome the

problems.

BENEFITS OF ANALYZING ERRORS:

e Learn from own mistakes and carelessness.
e It will take some time to recognize and classify the mistakes but once

you do, you will see the process of solving the problems clearer.

Page 2 of 84



COMMON ERRORS DONE IN MATHEMATIS & SAMPLES

ERROR 1:

TYPES OF ERRORS

Y CARELESS ERROR

Writing The Wrong Number | Not Following Directions

COMPUTATION ERROR Y

Adding, Subtracting, Multiplying, or Dividing Incorrectly

Y& PRECISION ERROR

Work Too Messy to Understand | Dropping a Negative Sign | Forgetting Parentheses

Missing Units | Lack of Labeling | Incorrect Notation

PROBLEM SOLVING ERROR ¢

Mot Following Rules of Algebra | Failure to Complete all of the Steps

Not Showing Thinking for Each Step

http://tutorial.math.lamar.edu/Extras/CommonErrors/CalculusErrors.aspx
http://tutorial.math.lamar.edu/Extras/CommonErrors/ TrigErfors.aspx

CARELESS MISTAKES
i o

""J

9F = -3Ia b a2
k-cos 2
3 e kPis e
3 rop® afq ) =
v | 4 l-¢ /4 . )
]Lt al) L~ __r=l 70 _lf']'lverqe:?—i_
e ——
1| ll-'— | —
|7 |l | //‘
bl k £ e
when m=-\ % t n t‘_ol"\‘-’e""'tﬁ‘:/.
AL, PRCT?
._«f LE . o0
vitun %’ L2

when Mz -\ (enVergl VS SN LA

. e
o AST?
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SAMPLES OF /i~
MATH ERRORS (&
IN — |
ASSESSMENTS .,

CARELESS MISTAKES
777 PLUS-MINUS SIGNS 772

25(1)(e) + 1%3in ]

C—*ﬂ ' CARELESS MISTAKES
_/42 calculator in radian

|
/
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ERROR 2:

INDETERMINATE FOR}

o0
-0 = . 0-c0
00 0
lao OOD
1
lim=—=0
X—)Cﬂx
.1 Recall:
]_1_]']; — = ; . y
>0 X L’Hospital’s
lim L= oo Rule on the
e quotient
/
— /— l'.'H /.:-
e B
k-n"! /,\
iy m 4l
— e —————— t _//
(oo} ul'y T 90 (nof exitk)
T // ol i
O+l CARELESS MISTAKES!

b INDETERMINATE FORMS (IF)

— & T D
L e oy
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ERROR 3:

DIVISION BY ZERO ¥

2 2,4,
PR

| /

'.;I ..I
‘.

\ |

* Undefined

ERROR 4:

BRACKETS !
(A) Square of minus 3 (eg.-3)}

(the importance of brackets)
~(3)2=~(9) = -9
(—3)°=+9=9

(B) -(x-5) # x5 )
but, -x+5 = 5-x
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ERROR 5:

L/

/; [
*LAC%F PROPER BRACKETS |
.

Lim  wwpy = L&‘(ﬂ v r 5
V‘\'l iijj L b
3 ""l ] Y ~  WRONGLY ELIMINATE TERMS

= h""‘*—m

1 (5)

7 OV
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ERROR 6:

INDICES

INDICES
Right or wrong ?

[
4 1 Ll
= X ans: x*12 | |

CE Y
& -5V

s
R'J-l| e d
~— < o
Il
—
= | — =
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ERROR 7:
FRACTIONS

a Xa a
S
b+cf b ¢

FRACTIONS

a ac
b b

C
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ERROR 8:

Let say we have, '

f(x)=x2+2x }g(x):x—)m‘ )

N f()-5()

=x’—x’+2x—x —(x3+2x)—(x—x2}'

:xX =’ 4+2x—x+%
:2x2+x J

Find f(x+h).

2 X
f(x)—f‘x )

i ([ x+h
hagd X+h 2
2

s =a(e -

= 4(-\-3 +2xh+h’ ) - %‘ i_? '
— 4x 4+ 8xh+4h? -2 _ i
2JIN)
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ERROR 9:

x+a) #£x*+d’
(x+a) 7

The right way is .

Y T

(x+a)” =(x+ )(x+a
E , o )

=X +ax+ax+a

=x’+2ax+a’ '

2(x+1)2/£(2x+2.1)2
The right way is ...
2(x+l)2:2(x+1)(x+l]
=2(x"+2x+1) |\
=2x" +4x+2 '
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ERROR 10:

\ |
c,ompafefxz+5)—*(3x2)+6x(x3+ )3y |

ttt t ©
(x2+5)2(3x)[(x2+5)x+2(x3+1)] |

) 3X)[x3+5x+2x3+2:| y

(
(

(x 4FS) 3x)[3x3 +5x+2] '

ERROR 11:

m?(\/;+\/5
V9+16 #/9 +4/16

; 3 . 4 .I.\E*"
%7 .

ghtw y

JGIT_-J_‘ Y
“5\/
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ERROR 12:

o Y e e o a0 o T £k o £ o T £ o o e et ST o 20 o e S P o i B e e e ks R

CoSX” # (cos x)2

2

cos” x =(cosx)

o Y e e o a0 o T £k o £ o T £ o o e et ST o 20 o e S P o i B e e e ks R

2c0sx+cos3x#2cosx+3cosx -
#5c0sx |

""""" c0s2x +5¢052x = (cos2x)+5(cos2x) 4 |
=6(cos 2x)
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ERROR 13:

cos(x+ y) = cos(x)+cos( y)

cos(3x) # 3cos(x)

cos(37) = 3cos(7) |

cos(m+2m ) # cos(7)+cos(27)
cos(3m)=-1+1 —123(-1)
=10 =3

Powers of trig functions

sin” x =(sinx)" Inverse trig notation

2

tan” x Vs, tan.x cos xx ——

CoS X
BETTER TO USE = ‘Em(xx) cos™ x=arccosx 4

The -1in cos™ z is NOT an exponent
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€EXeErCISE

Find the error with the following answers, then give the correct answer:

Question 1
1L (x+y)® =x* +y’
X—l—y X Yy
3. sin(x+y) =sinx+siny
Question 2
1. Inx+y)=Inx+Iny
2. sinx’ =sin’x
3. 3(2)* =6~
Question 3
1. X(y+z)=xy+2z
2. cosd4x =4cosx
3. X—(Xx+3)=x—-x+3
Question 4
1. X—(x=-3)=x —x-3
2. JX+y =4X +\/§
3. sin'Lx:L

sin X
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Module 2

Exploring with Calculator
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Ahmad Rashidi Azudin
Siti Mariam Saad
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MODULE 2

SCIENTIFIC CALCULATOR FX-570MS:
1. DIFFERENTIATION AND INTEGRATION

2. FACTORING A SIMPLE QUADRATIC AND
SOLVING A SYSTEM OF LINEAR EQUATIONS

PREPARED BY
AHMAD RASHIDI AZUDIN & SITI MARIAM BINTI SAAD

INTRODUCTION

The FX-570MS is one of the most popular scientific calculators used by students and
teachers in Malaysia. It is a powerful calculation device which has a simple and easy to
use design. It has many features with high functionality and excellent performance as
well as good operability.

In this module, students will learn how to use a scientific calculator FX-570MS to:

1. evaluate derivatives of functions at specific values and solve definite
integrals

2. factor simple quadratic functions and solve systems of linear
equations

BENEFITS:

» Promotes accuracy in solving mathematics problems.
» Makes learning mathematics more enjoyable and meaningful.
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GETTING STARTED WITH EVALUATING THE DERIVATIVE
OF FUNCTIONS AT A SPECIFIC VALUE

There are two inputs required to compute the derivative of functions at a specific value using the

feature provided by the 570MS calculator:
a) a function of variable x

. —[a function]
b) the value of x at which the derivative is calculated X

x = the specific value

Format: [SHIFT ][ d/dx ] a function E] the value @ E]

STEP 1 : Press “SHIFT”, then “d/dx ” to activate the differential operator.

IRCFIL ¢ soseriic cmcmnsion PI-STOMS

Imml' SOENTFIC CALCULATOR Vr-570MS

STEP 2 : Enter a function of x. If the function consists of the variable x, we may need to press “ALPHA”,
then “)” to key in the variable.

ACAL: connccnansm PH-5S7T0MS

INRCFIL . coanccacenos F-570MS
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STEP 3 : Press “,” to separate between the function and the value that will be evaluated.

INRCAIL: i caicisioe FIESTOMS

'I mmll SCENTFIC CALDULATOR Vr-570MS

STEP 4 : Enter a particular value of x.

Vi mml‘ sopmic cacuaros FI-370MS

COPY
BOLVE = didx L 21 LOGC Wﬂ\f
X7 cousy

X3DEC =5 MEX 10* BIN £X0CT ¢

' ml. SCIENTIFIC CALCUR ATOR Fn-570MS
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STEP 5 : Press “)” to end the expression and indicate that all the inputs have been inserted.

WINRCAL soomnc cacuons PIE-S70MS r
! MCI'IL- soewnwic cacoularos FI-370MS

sS@vee

STEP 6 : Press “=" to obtain the output of the derivative of the function at the specific value.

IRCFIL scomeccacuaon PR-570MS

I ;-. J Hﬂﬂ'll.- sopmmccmonsion PH-570MS

o0
x! LOGE CONY

¥ HEX 10" BN £f0CT ¢

3
.:

(BSUMy | (8-VAR1 @ (DETR 8 Gl
f

oD
ooa
Rans n ORG
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GETTING STARTED WITH EVALUATING DEFINITE
INTEGRALS OF A SINGLE VARIABLE

There are three inputs required to compute definite integrals using the feature provided by the 570MS
calculator: |

upper limit

a) a function of variable x
b) the lower limit of the definite integral E
c) the upper limit of the definite integral y, lowerlimit

Format: a function E] the lower limit E] the upper limit [Z] E]

STEP 1 : Press ”Idx ” to activate the integral operator.

(a function) dx

VINRCFIL: wcomeccacosos Pie-370MS

STEP 2 : Enter a function of x. If the function consists of the variable x, we may need to press “ALPHA”,
then “)” to key in the variable.

LT LT 1= I—— T

VINRCFL: oo oo Pi-570MS
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STEP 3 : Press “,” to separate between the function and the limits of the integral that will be evaluated.

INRCFIL oo cacusros VIL-570MS

. mlt SCIENTIFIC CALCURATOR Vn-570MS

o n

STEP 4 : Enter the values of the lower and upper limits of the integral, which separated by “,”.

CFIL oo cacnmos PH-570MS

3) Press 4

1) Press 2
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STEP 5 : Press “)” to end the expression and indicate that all the inputs have been inserted.

INRCFIL - scom caucvnsion VI-570MS

M| CFIL ¢ scosmsic caicunaron FIE-570MS

STEP 6 : Press “=" to obtain the output of the definite integral.

IRCFAIL scovmec cucnston VR-5TOMS

\ mmll SCEMTFIC CALCULATOR Fn-370MS

x! LOGE CONV

DEC *7 HEX 10% BIN BXOCTC
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GETTING STARTED WITH FACTORING A SIMPLE

QUADRATIC IN THE FORM OF ax* + bx + ¢ USING
CALCULATOR fx-570MS.

STEP 1 : Press mode 3 times until display in the screen below appears.

WINRCFIL: scommccncnsacs PI-570MS

Mode

STEP 2: Press 1 to select EQN. You will see the display below.

VINRCFIL: coneccacumos PH-570MS
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STEP 3: Scroll to the right using the arrow key to select Degree.

1 INIRCFIL « conmsic cavcmsros FRI-370MS

Arrow key

STEP 4: Press 2 for quadratic degree.

] INRCFIL comsccacumcs PE-570MS

Press 2
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STEP 5 : Key in all the coefficients of the quadratic ax? + bx + ¢, i.e., a, b and c and press =.

STEP 6 : From the roots of the quadratic equation, i.e., x; and x5, write the expression ax? + bx + cin

factored form (x — x;)(x — x5).
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GETTING STARTED WITH SOLVING A SYSTEM OF LINEAR

EQUATIONS USING CALCULATOR fx-570MS.

Linear systems with two
variables

a1 x + b1y =cq
ax + b,y = ¢,

(&

o

Linear systems with three
variables
ax+by+cz=d
a,x + by +cz =d,
aszx + bsy + c3z = d3 J

STEP 1 : Press MODE 3 times and press 1 to select EQN. You will see the display below.

:' INRCFIL: scnmeccacmacs VH-570MS

Mode

! |HHCI-'II.- scimwmwic cacuaros FH-370MS

COPY
"‘k, iu'- nﬂl
ddx ! ) LOGC

O

Yo xYpEC YUoMEN 10T BN 2ROcT e

J

STEP 2: Press 2, 3 or 4 depending on the number of Unknowns in the system of linear equations.

:. INRCFIL « sconmnc caccusmos FI-570MS
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STEP 3: Key in all the coefficients of the systems of equations.

Forinstance, 3x + 2y = 4
5x — 2y =12

Keyin = 3,b1 :2,C1 :4: and (25} :S,bz :_ZJCZ = 12

STEP 4 : Press = to get the values of x and y.
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EVALUATING DERIVATIVES AT & SPECIFIC VALUE

using the scientific calculator 570MS:

Evaluate %[xz —x+2]

x=1

Solution :

Instruction Figures
1. Press SHIFT, then d/dx.

IRCAIL: oo cmcmms PI-STOMS

VEINRCAIL: <cocmic cacoson Vii-5TOMS

2. Enter the function

x* —x+2; we need to
press “ALPHA”, then “)”
to insert the variable x.
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“an

3. Press “,” and followed
by the value 1.

WINRCFIL: o cucmaion FH-S70MS

2) Press 1

4. Press “)” , then “=” to
obtain the result.

RCFIL < scunnc cncvnon VI-570MS

INRCFIL sonmc counvarcs Fr-570MS

e

1) Prass “)*
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EVALUATING DEFINITE INTEGRALS OF & SINGLE VARIABLE

exampole

2
Evaluate I(x3 —2x) dx using the scientific calculator 570MS:

-1
Solution :

Instruction Figures

1. Press ”jdx" .

INRCAL: scomsc oo PI-57T0MS

ICFIL - scinmmc cavcvusion FIE-570MS

Idx

2. Enter the function

x> —2x; we need to press
“ALPHA”, then “)” to
insert the variable x.

3. Press

WINRCFL: <comnccacuaros F1-570MS
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4. Press “)” , then “=” to
obtain the result.

RCFIL - scomnc cncmos PR-570MS

Il'lﬂﬂ'll.- sopmac cuovarcs VI-570MS

coPY
L o0
3 Nl LOGC  CONV
)

DEC 7 MEX 10* BN ©Xoc)

1) Press “)”
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FACTORING QUADRATIC POLYNOMIALS

Factor the following quadratic polynomial using scientific calculator fx-570MS:

Example 1

Factor x? — 8x + 12.

Solution :

Instruction Input

1. Press MODE 3

times and press 1
for EQN

VINRCFIL: scomsccucnams P-570M5

| e

2.Scroll to the right using
the arrow key to select
degree

Page 33 of 84



3.Press 2 for quadratic

degree

4 Keyina =1,
b=-8, c=12and
press =

Press 2

].mﬂ“.l sopmsic cacuearcs FE-570M S

Keyina=1
—_—

Keyinc =12
TN
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5. Value of x; is shown in

the display. To get value
of x,, press =

6. Write the quadratic
expression in factored
form.

x4 —8x+12=(x—6)(x —2)
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Example 2

Factor 15x2 — 23x — 28.

Solution:
Instruction Input

1. Repeat step 1-3 in

Example 1

2. Keyin a = 15,

b= -23, c =—-28and

press =
Keyina =15
——

Keyinb = —23
———

Keyinc = —28
—_—
3 Value of x, is shown in
the display. To get value 3
of x,, press = O
Press =
—_—
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4. Write the quadratic
expression in factored 7 4

form. 2 __ _ — _ —
15x 23x — 28 (x 3)(x+5)

= Bx—-7)(5x+ 4)
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SOLVING & SYSTEM OF LINEAR EQUATIONS

Solve the following systems of linear equations using scientific calculator fx-570MS.

Example 1

Solve 2x — 5y =15
3x+ y=31

Instruction Input
1.Press MODE 3 times
and press 1 for EQN

VINRCFIL: scomsccucnams P-570M5

2.Press 2 for 2
Unknowns, i.e., x and y

WINRCAL - oo cucmmos PH-5TOMS
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3.Key in values and
press =

5. Value of x is shown in

the display. To get value
of y, press =
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Example 2

Solve 2x+ y+2z=-2
—2x+ 2y — z=-5
4x+ y —2z=0

Instruction Input

1.Press MODE 3 times and
press 1 for EQN

2.Press 3 for 3 Unknowns,
i.e., x,yandz

VINRCAL oo cucunos Vit-570MS

4.Key in values and press

a1=2,b1:1,

= Z,dl — _2

a,; = _2, bz :.2JI
Cy = _1,d2 =-5
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ﬂ3:4’,b3:1,

Cq = _2,d3 - 0

5. Value of x is shown in the
display. To get value of y and
z, press =

Page 41 of 84



DIFFERENTIATION
eEXerCiseE

Evaluate the derivatives of the following functions at the given points using scientific calculator.

Question 1
i[ sinx—1 }
dx[cosx+1]| _;
Question 2
dle’
_[e +In(x+2)]
dx| 2
x=0
Question 3
2 (e cos” ) |
X x=0
Question 4

]
dx| \/3-2x

x=1
Answers: 1)0.2946 2)0.5 3)5 4)2
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| INTEGRATION
eEXerCiSE

Evaluate the following definite integrals using scientific calculator.

Question 1

4

I\/ZX +1 dx

0
Question 2

J.e" sin(e*) dx

0
Question 3

P 2

X
d.

.[EZX X

0
Question 4

7
J. sin? (2x) dx
0

Answers: 1) 8.6667 2):0.9492 3)0.0808 4)2.3562
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Presented by
Norshuhada Samsudin

Fuziatul Norsyiha Ahmad Shukri
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MODULE 3
GEOGEBRA: 2D & 3D GRAPH

PREPARED BY
NORSHUHADA BINTI SAMSUDIN & FUZIATUL NORSYIHA BINTI AHMAD SHUKRI

INTRODUCTION

GeoGebra Graphing Calculator is a dynamic mathematics software that show
connection between geometry and algebra. The GeoGebra Graphing Calculator is
available online. This Graphing Calculator is also available in the Google Play Store for
android user and the App Store for iOS devices.

In this module, students will learn how to use the Geogebra Graphing Calculator to
sketch the graph of 2D and 3D functions.

BENEFITS OF GEOGEBRA GRAPHING CALCULATOR:

« Easy to use, easy access and free.
o Makes learning activities interesting, fun, and meaningful.
« Allow students to understand more about geometry.
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GETTING STARTED WITH GEOGEBRA-GRAPH OF
2D & 3D FUNCTIONS.

STEP 1: Go to www.geogebra.org and the webpage below will be appeared.

Lo G n 1 https://www.geogebra.org s 0 O : bt 2
= GeaGebrQ Q  seachClassoom Resources i OSIGNIN
A Home
e News Feed

GeoGebra Math Apps
B Resources Get our free online math tools for graphing,

geometry, 3D, and more!

START CALCULATOR

CLASSROOM RESOURCES

2 Pprofile
o

. People

® classroom

[0 App Downloads

Powerful Math Apps Ready for Tests More Great Apps

Notes

STEP 2: Click “Start Calculator” button. You will see the interface below.

Menu bar . .
Graphics View
Input bar
K
= GeoGebra Calculator $tite | A/ Graphing ~ < i SIONIN
3 e d
W
2
1
Setting
-9 -8 -7 -6 -5 -4 -3 =2 -1 0 1 2 3 4 5 6 ¢ & 2
Tool bar o Q
& Q
-3 HH
123 f(x) ABC #&- X
X y Es e 7 8 9 x -
E vE 2 | 8 |6 |+ | =
< > < 2 1 2 3 = &
ans : ( ) 0 . < > <« v\
f 84
Virtual

Keyboard




STEP 3: For 2D graph, choose Graphing and for 3D graph, choose 3D Calculator.

GeaGebra Calculator Suite Graphing ~

A
E b - - [ - [ —— A/ Graphing | &
¥

3D Calculator —

| | | | | 1 @ Geometry B

| = cas L

T ———

h =

STEP 4: Type function on the input bar and the graph of that function will appear on the graphic view.

= GeoGebra Calculator Suite | AV Graphing ~ <
E & m -
L] fry =2x?
-+ Input... F
—4 4 6 8 10 12 14
123 (%)
X y z s 7 8 g x =
2 u e 4 5 6 + s
< > < 2 1 2 3 = &
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STEP 5 : Click on the “Setting” to change all the setting that related to the graph.

GeoGebra Calculator Suite

=

Fy=2&

Input..

AJ Graphing ~ [ 2 OSIGNIN
o
s Show Axes
Show Grid v
Snap to Grid

8 FaQ0Ht+

Clear all Traces
Zoom to fit

Settings

-2

STEP 6 : Click on the menu bar if you want to save/export/download the graph.

GewGebra Calculator Suite

J « @ A B £ X

® & O

Clear All

Open

Save

Share

Export Image

Download as

Print Preview

Switch calculator

Settings

Help & Feedback

P/ Graphing =

—2-
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2D GRAPH
example

Sketch the graph of the following function using GeoGebra Calculator:

Example 1

y=v4-x* and y=x+2.

Solution :

Instruction Input
2. Type
www.geogebra.org/calc
ulator and SeleCt = GeoGebra Ca[culalurSuwler P/ Graphing ~ 7 , < EOSIGNIN
Graphing. N, srenng it
& 30 Caiculat
@ Geometry
1 e cas ¥
:
123 fix) ABC #& X
x ¥ T @ 7 8 9 +
? | i NI | 4 5 & -
< > H 2 1 2 3
ans 5 ( ) 0 s < > «
2.Type the function on the
side bar. = GeaoGebra cCalculator Suite | A/ Graphing ~
B & m -
@ firy=va-x
@ giy=x+2
+ Input... o -3 A7 5
Input bar
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3.Graph of semicircle and
line will appear on the
Graphic View.

4.Click on the Tool Bar and
choose Intersect. Graph will
show the intersection points
between these two graphs.

5. Click on point A, and
choose setting.

-3

-4

= o]
dyp bl sty 6 ¥ ] ]
@,
Q
a3
= GeoGebra Calculator Suite  (V Grepng ~ <
E e @ o
Baxsit: Tools I
- 1 4
R
£dl
i ' [] Y
.
GeaGebra Calculator Suite  f\V Grephing ~
-
T e i Duplicate = r 8 g
& Fix Object
o Show trace
£ Seftings
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6. The setting of the point A
will appear on your right-
hand side.

To label point A, select Show
Label and choose Name and
Value.

7.Repeat the same method
at point B. You can also

change the color of the graph |

on the setting.

<

Basic Color Style Advanced Algebra

Name

A

Definition

Intersect(f, g, (-2, 0))

Caption

a

Show Object

O

Show trace

4]

Show Label: Name N
Fix Object

Auxiliary Object

O oo

Show trimmed intersection lines

B OSIGNIN

Scripting

<% W & x

GeaGebra

[

A/ Graphing ~

Calculator Suite
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Example 2

y=2x-x*and y=-x.

Solution

Instruction

1. Type the

Input

function on the
side bar.

= GegGebra Calculator Suite

AJ Graphing ~

B & m =
@ Fiy= 0 - E
giy=—x _
+ | Input..
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2.The graph of
both functions will
appear on the
graphic view.

3.Label the
intersection points
by clicking on Tool
Bar - Intersect.

4. Change the
setting of the graph
like previous
example.

g

= GeoGebra Calculator Suite /N Graphing ~ < i OSiGN
[ 2%
b -* - A
Fesin Intersect
i i - 0 pry =" 3 W 2
f =
Edit
i B i A
.
GeoGebra Calculator Suite | A/ Graphing - < sig
o
-
.
giy=-x
T
A = Intersect(f, g. 1) A5 10.0)
-2 BT Ey = B T 1

= (0.0}
B = Intersect(f.g. 2)

- (3.3)
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Example 3
x 1
y=¢e* and y=§x+5.

Solution:

Follow the same method of previous examples and you will see the graph like this appear on
the Graphic View.

10

Graph of two functions A =-(177263, 5.886315)

B =+(9.99991, 0.000045).
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eXampole

Example 1

Step 1:

¢ Click Graphing and select 3D Calculator

= GeoGebra Calculator Suite A/ Graphing ~

F A Graphing

@ Geomstry

Ix cas

3D GRAPH
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Interface of 3D Calculator

Step 2:
¢ Insert the functions

First function: z=4-x* —y?

= GepGebra Calculator Suite | 4 3D Caleulator ~ < B SIGNIN
BT :
S v 3
@ fz=a.x-4 PlRel-m=-y
i | 4

+ Inpuit...

123 f(ix) ABC #&- x
x ¥y E e 7 8 g x +
: i U | 4 5 6 ¥ -
< > s = 1 2 3 = L)
ans { ) o < > «

Second function: z=2
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= GeoGebra Calculator Suite 4 30 Calculator ~ #OSIGNIN

.. B :

fiz=4-x-y

A

+ z=:3
- 2=12 2:2 »
a,
Q
123 f(x) ABC #& X
x ¥ z ™ T 8 9 = +
I - - 4 3 & £ -
< > = = 1 2 3 =
( ) [l . 0 . < > «

Step 3:

¢ Change the setting

Example: Label the functions & Axes

1) Click setting at the right function first
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= GeaGebra Calculator Suite 4 3D Caleulator ~ < H SIGNIN

= e

. Fr=a-x2-y Duplicate input
Delate

® =

4+  Input..

Q
Q
123 f(x) ABC #&- > x
x v z ™ 7 8 9 * +
3 ¢ JE e 4 5 6 + =
< > = = 1 2 3 = &
( ) | 0 < > —
2) Tick show label and select ‘Name & Value’
3) Repeat the step to the other function
= GeoGebrd Calculator Suite 4 3D Caleulator - < B SIGNIN
fog Basic Color Advanced Algebra Scrpting x
!:ame °
Dafnmion -
L g:z=2 S
= ¥ ‘
+ Input.. Caption
| '
Show Object
"I Show trace
4 E Show Label: Nams -
B Fix Object
I Audliary Obj
Value
Caption
123 f(x) ABC #E Caption & Valus oot ®
x ¥ z ™ T 8 g x =
# | ot | e 4 5 & + =
< > = z 1 2 3 = &
( ) [l 0 < > e o
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= (GeoGebra Calculator Suite & 3D Cakculator ~ < HOSIGNIN

a2 e - o
@ re=s-xw.yp
O grz=73
+ Input
mm

4) Insert the axes by click symbol setting at the right top

= GegeGebra Calculator Suite 4 3D Calculator ~ < H SIGNIN
= 1. show Axes v
= Show Plane v
§ 1 Show Grid
& -2 0 Projection v
+ Input... $ C: Snap to Grid
[%  Zoom to fit
5661
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5) Click xAxis — Label — x
Repeat the step for yAxis and zAxis

= GeoGebra Calculator Suite 4 3D Calculator ~ < HOSIGNIN
B & < . Basic |xAxis] yAxis zAxis Grid Projection
. B Show xAxis
® fz=4-2-y ’ Show Numbers
O giz=2 : [ Positive Direction Only
[ Distance:

Ticks: 1~

2P H O x

Label; -

Unit: m
a

Selecti B H

DI <

= GeaGebra Calculator Suite 4 3D Caleulator ~ < H SIGNIN

- o

+ Input..
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6) Change the colour of solid
Right click at the solid figure — click triple dot — setting — color

= GeoGebra Calculator Suite ds 3D Calculator - - HE SIGNIN

.. B -

@ Ez=4-w.y
0 giz=2
4 lnpu
Croate 20 view from g
3 Duplicats
&) Fix Object -/
a,
=4
2]
= GeoGebrda Calculator Suite 4 30 Calouiator ~ < B SIGNIN
B & < — Basic Style Advanced Algebra  Scripting X
@ fz=4-%- y °
O giz=2
b
+ Input
"

fal —

29, 218, 218 (#63DB0DB)

4 Opacity () ==——e—

Choose the color
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+

Example 2

GeaoGebra Calculator Suite

“

Trz=d-x-y?
gz =2

Input..

s 30 Calculator -~

I SIGNIN

-

1) Insert the first function

x*+y?+2° =9

GeoGebra Calculator Suite

4 230 Caleulator =

<

SIGN IN

123

fix)

ABC  #&~

W

~

7 8
4 5
1 2
0

T

e
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2) Insert the second function
x*+y?=9

= GeoGebra Calculator Suite 4 30 Calculator < B SIGNIN

IR :

@ equv+y+zi=9
@ eqd, x* +y* =9

+ nm

Q
Q,
123 x) ABC #&~ x
X ¥ z ' 7 8 9 ® +
£t 1t 5 e 4 5 6 + -
= > s z 1 2 3 = &
( ) sl 0 < > «

3) Zoom in and zoom out

. GeoGeabra Calculator Suite & 30 Calculator = = Hi SIGNIN

- =

B eiy=09

L]
Q,
=
121 fix} ABC #&~ =
x ¥ z w T B 9 - +
§ VE e 4 5 = + =
< = = = 1 2 3 = &
( ) (1] . 0 < > “-
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= GeoGebra Calcuiator Suite & ¥ Cewmer -

4) Change the background color

Click setting — tick background color — choose color — OK

= GeoGebra Calculator Suite & 30 Calculator - < # SIGN IN
1 Show Axes s
@ e iyizi=g : = Show Plane ~
. Show Grid
® eqzwiy-o 2 Projection v
+ Snap o Grid vy
Z b fit
L]
a
(-4
= GeoGebra Calculator Suite & 3D Calcuiator ~ e e
= ah — Basic xAxis yAxis zAxis Grid Projection
Dimensions
@ eql: x* + y* + 22 =9
x Min: -4 48572 ® Max: B.32728
eq2:x* + y =9 <
y Min:  -8.34362 yMax: 4.43937
+ Input
z Min: -6.87551 Z Max; 814836
Axes

Show Axes
(7] y-axis ks vertical
Labet Style: ] Serif —| Bohd O hallc
o ‘ Colored Axes
Mavigation Bar for Construction Steps

[ Show

Miscellansous

Uise Lighting

SIGN IN

2P 8 x
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= GeoGebra Calculator Suite & 3D Caleulater  ~ = B SIGNIN

Choose a color

Ll OOD e Recent
B oooHeE.
BH oo
mE OSSR ot ,_
BE OO0 SN HEHHEB

£3| .

Preview

White 255, 2565, 255 (#FFFFFF)

oK CANCEL RESET
v Beohgrond CET

= GeoGebra Calculator Suite & 30 Caloulator  ~ < # OSIGNIN

B & < — el
eql: x2 + v 4+ 22 =90
@ eq2:x® + vy =10

+ Input,,

Page 65 of 84



5) Rotate/spin the figure
By click and drag the mouse

= GeoGebra Calculator Suite 4 3D Caleuiator - < # SIGNIN

B & = o

@ eqlix* +y' + 22 =9
€] eqdix +y1 =9

+ | Input.

A
a
6) May insert another function
z=Xx+1
= GeoGebra Calculator Suite & 3D Caleulator ~ < B SIGNIN
- ¢.

® eql: x* + v+ 22 =9

@ eq2: x* +y* =9

@ frz=x+1 ZI‘IfIS

+ Input
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Example 3

1) Insert the first function

Z=X>+y?

— GeaGebra Calculator Suite 4. 3D Calculator = -5 i SIGNIN
E @ = e ]
+ 2= SEER

.
(o}
10 Q
2) Insert the second function
z=+9-x%-y?
= GeoGebra Calculator Suite 4 3D Caleulator ~ < Hi SIGNIN
E i < L e
9 | arz=x 4}'_1
+ 2=
L
Q,
Q

"
La
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3) Savel/export/download the graph
Click main menu — Save or Export or Download

o CecGebra Calculator Suite | 4 30 Caleulator - < Hi SIGNIN
¥ Clear Al . L &
Q. open :
< Share

M Export image

*  Download a5

5 Print Proview

O Switch calculator
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2D GRAPH
eEXerCiseE

Sketch the following graph and state the intersection point(s) if any.

Question 1
y=x*(x-2)
y =x(6-Xx)
Question 2
;3
X
y=2x+5
Question 3
x=y?
X=y+2
Question 4
y =+25-x?
y=3
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eEXerCise

Sketch the following graph.

Question 1
z=+J4-x*-y*
x> +y*=4
z=0
Question 2
z=1
x> +y*=9
X+z=5
Question 3
x*+y*+7° =16
z=4x*+y*
Question 4

3D GRAPH
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FES455
Module 4

Matrix and Vectors
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Siti Asmah Mohamed
Rafizah Kechil
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MODULE 4

MATRIX’S DETERMINANT, DOT
PRODUCT AND CROSS PRODUCT

PREPARED BY
RAFIZAH BINTI KECHIL, SITI ASMAH BINTI MOHAMED

INTRODUCTION

A matrix's determinant is a scalar value that is a function of the square matrix's
entries. A matrix's determinant is denoted by det(A), det A, or |A].

The dot product, also known as the scalar product, is an algebraic operation that
returns a single number from two equal-length sequences of numbers. The dot
product, denoted by the symbol -, is the sum of the products of the corresponding

entries of the two sequences of numbers in a vector.

The cross product, also known as the vector product, is a three-dimensional operation
on two vectors denoted by the symbol X. A determinant of a special 3X3 matrix can be
used to express the cross product.

In this module, students will learn how to calculate the matrix’s determinant, the dot
product of a vector and the cross product of a vector.
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DETERMINANT

The determinant of a square matrix A is a real number denoted by det(A) or |A].

2 x 2 determinant:

b

al =% 2

| = ad— bc
3 x 3 determinant:

a
a] = |d

- o o

c
f
i

—aly ey el

)

= a(ei— fh) — b(di — fg) + c(dh — eg)
=aei— afh — bdi+ bfg + cdh — ceg

= aei+ bfg + cdh —ceg — bdi — afh

Each determinant of a 2 x 2 matrix in this equation is called a minor of the matrix A. This procedure can
be extended to give a recursive definition for the determinant of an n x n matrix, known as Laplace
expansion.

VECTORS

Geometrically, a vector can be visualized as a directed line segment or arrow in 2 and 3 dimensions. In
order to do calculations involving vectors, it is necessary to introduce coordinate axes. Similar to a point
in the plane and space, a vector can be represented by a list of numbers. The list of numbers
representing a point is called coordinates while in vectors it is termed as components. Hence, a vector is
specified by giving its components directions.

The coordinate axes are specified by unit vectors that lie along each of the axes.

The components of The components of
unit vectors (plane) are unit vectors (space) are
defined by defined by
1=<10>, 1=<1,0,0 =,
j=<01:> j=<0,1,0>,

k=<1001:>
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<

(0,1

f———x

i (1,0) T / i (1,0,0)

z

These vectors are called standard basis vectors and are denoted by 7and j (in two dimension) and 7, J

and F?(in three dimension) .

DOT PRODUCT (SCALAR PRODUCT)

Ifp=p.d+pyj+ pzi::) and g =q,T + q,j + qu are two vectors, the dot product denoted g » g is

defined as
D*q=<PubyPs >*< G qy qz >
=Pxqx T Pyqdy T Pz9;

The dot product of two vectors is defined in the plane and space. The dot product p » § of two vectors

is a real number (scalar).

Steps Solving: Dot Product

» ldentify components of vector p
» ldentify components of vector ¢

> Sum the nroduct of the corresponding component

Page 74 of 84



CROSS PRODUCT

The cross product of two vectors is only defined for vectors in space and will produce another vector
that is perpendicular to both vectors. The definition of cross product states the relationships between

determinant and cross product.

Ifp =p.l +pyj+ pzl::) and g = q,1 + q,J + qu are two vectors in space, then cross product denoted
p X q is the vector defined by
T 7k
ﬁxa = |Px Py Pz
9x qy 4z
_|Py Pz|;_|Px Pz|s |Px Py|;;’
qj} Q‘z qX QZ j q}t‘

= (prZ - pzf?y)_f - (pr?z - pzf?x)j + (pr?y - pyf?x);:
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DETERMINANT

Compute the determinant for the following matrices.

Example 1

A:@ _SSJ

Solution :
Instruction

Step 1: Use the notation
determinant.

Step 2: Apply the following
formula:

f: 3|:ad—bc

Step 3: Sum up.

Input
2 -3
det(A)=
w-p ]
2 -3
=2x3 - (-3)x5
5 3

2x3 — (-3)x5 = 6 +15
=21
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Example 2

-3 2 2
A=-1 565 3
2 4 -3

Solution:
Instruction Input

Step 1: Use the notation -3 2 2

determinant. i.  det(A)=|-1 5 3
2 4 -3

Step 2: Reduce a 3X3 determinant
to a 2X2 determinant by using the
following formula: -3 2 2
il -1 5 3|= —3‘ ‘
2 4 -3

a b ¢

def:aef—bdf.-i-c
h L

hoi t g

Step 3: Find a 2x2 determinant by 5 3 -1 3 -1 5
using the following formula: ii.  la -3 2 _3+ 2 4

=-3((5)(-3) - (3)(4)) - 2((-1)(-3) - (3)(2)) + 2((-1)(4)
3 3|:ad_bc = -3(-15-12)-2(3-6)+2(- 4-10)
=-3(-37)-2(-3)+2(-14)

=111+6-28
Step 4: Sum up. iv. 111+6-28=289
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Example 1

DOT PRODUCT

If@ =—2i+6jand b = 47 + 9 + k, evaluate

=T
-

L.

ii.

[l BT}
- -
S S

iii.
Solution:

Instruction

Step 1: Write the vectors in
component form.

Step 2: Apply the formula for
dot product by finding the
product for each
corresponding component.

Step3: Compute the sum.

Instruction

Step 1: Write the vectors in
component form.

Step 2: Apply the formula for
dot product by finding the
product for each
corresponding component.

Input

i. a=<-2,6,0> and a=<-2,6,0 >

aea=<-2,60=¢<-2,6,0 =

=(-2)(-2)+(6)(6)+(0)(0)

aea=4+ 36+0

=40

Input

i. d=<—2,6,0> and b=<4, 9, 1>

dGeb=<-2,6,0>¢<4,91>

=(-2)(4)+(6)(9)+(0)(1)
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Step3: Compute the sum.

Instruction

Step 1: Write the vectors in
component form.

Step 2: Apply the formula for
dot product by finding the
product for each
corresponding component.

Step 3: Compute the sum.

Input
ii. b=<4,9,1>and b=<4,9,1>
beb=<4,9,1>0<4,9,1>

=(4)(4)+(9)(9)+(1)(1)

beb=16+81+1

=98
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Example 1

CROSS PRODUCT

If @ = —27+ 65 and b=47+ 2] — k, evaluate

i. axb

ii. bxa

Solution:
Instruction

Step 1: Write the vectors in
component form.

Step 2: Form a third order
determinant and place the
unit vectors and component
on right place rows.

Step 3: Compute the
determinant.

Input
i. d=<-2,6,0> and b=<4,2,-1>
I I R
axb=|-2 6 0
4 2 -1
- _’_ 6 0 —- _2 0 —- _2 6_}
axb—|2 _11—|4 _1_,1—|—|4 2|k

= (—6—0)T— (2—0)] + (—4 — 24)k
— —67— 2] — 28k

=< —6,-2,-28>
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Instruction

Step 1: Write the vectors in
component form.

Step 2: Form a third order
determinant and place the
unit vectors and component
on right place rows.

Step 3: Compute the
determinant.

=)
v

bx

Ry

=
a

2
6

O Iy

-1
0

k
1
0
?_|—42 _olj+|—42 é|£

= (0— (—=6))i — (0 — 2)] + (24 — (—4)k

— 67+ 2j + 28k

=< 6,2,28>
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eXerCisE

Find the determinant for the following matrices.

Question 1

Question 2

Question 3

Question 4

Answer:

-20
-23
40

622

hoON=

A [13 -4
4 -3

1 4 6

A=|-4 2 -1
6 -2 5
11 0 3

A=|-2 6 -2
3 1 10

DETERMINANT
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eEXerCise

Compute the dot product deb where

Question 1

Question 2

Question 3

Question 4

Answer:

howoN =
—

@=37+4 and b=2i-3j

d=21—37+4k and b= 6]+ 5k

—5i—7j+k and b = 21 —j + 3k

DOT PRODUCT
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CROSS PRODUCT

eEXerCise

Compute the cross product dxb where

Question 1
@=21+j and b=-7+]
Question 2
G=-T+37+k and b=47+7 + 2k
Question 3
G=3i+j—4k and b=27+j— 3k
Question 4
G=1—j+kand b=27i—57—3k
Answer:
1. <0,0,3 >
2. <56 —-13 >
3. <1,1,1 >
4. <8, 5 —-3>
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